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ABSTRACT: There is an interesting combination of Fibonacci and Lucas sequences in the form of sequence {K,}
defined by the recurrence relationK, + K,,.; = K4, ;n =0 with the initial conditions K, = 2m,K; = k + m;
wherem, k are fixed positive integers. Here the initial conditions are the sum of ‘k’ times the initial conditions of
traditional Fibonacci sequence and “m’ times the initial conditions of traditional Lucas sequence. We further generalize
this sequence defined by the recurrence relation G, + G,,., = G, 4 With the initial conditionsG, = 2m,G, = k +mand
m, k,p, q are fixed positive integers with 1 < p < g. In this paper, we obtain the ‘generalized golden proportion’ for
this new family of generalized Fibonacci numbers and show that this proportion is independent of the values of m and
lim  Gnip+e

= Mt :for some real number M and
— 00 Gnip

k. In fact, we prove that when both p, g are not simultaneously even, n
t=123,..
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I.INTRODUCTION

The sequence {F,} of Fibonacci numbers is defined by the recurrence relationF, = F,,_, + F,,_,, for all n > 2 with initial
condition F, = 0, F; = 1. Also the sequence of Lucas numbers is defined by L, = L,,_; + L,_,, for alln > 2 with initial
condition L, = 2,L; = 1. The Fibonacci sequence has been generalized in many ways, some by preserving the initial
conditions and others by preserving the recurrence relation. One can refer [1, 3, 5, 8, 9, 11, 12] for various generalized
Fibonacci sequences. Badshah, Teeth and Dar [2] considered an interesting combination of Fibonacci and Lucas
sequences in the formM,, = M,,_, + M,,_,;n = 2with M, = 2m, M; = 1 + m; where m is fixed positive integer.

Here the initial conditions are the sum of the initial conditions of traditional Fibonacci sequence and ‘m’ times the initial
conditions of traditional Lucas sequence. Patel and Shah [10] considered the analogues problem and made further
generalization of this sequence. They defined the sequence {K, } as under,where the initial conditions are the sum of ‘k’
times the initial conditions of traditional Fibonacci sequence and ‘m’ times the initial conditions of traditional Lucas
sequence.

Definition: The terms of the sequence {K,, } are defined by the recurrence relation K,, = K,,_; + K,,_,; n = 2with the initial
conditions K, = 2m, K; = k + m; where m, k are fixed positive integers.

First few terms of this sequence are2m, k + m, k + 3m, 2k + 4m, 3k + 7m,5k + 11m, ....

Moreover, it is well known that the ratios of consecutive terms of Fibonacci sequence converges to the golden ratio

¢ = %g whichis the positive root of the equation x? — x — 1 = 0(See: Vajda[14]). Stakhov[13] defined thep-Fibonacci

numbers F,(n)for p > 1by the recurrence relation
F(n)={ 1 forl<n<p+1
p En—1)+FEM0h-p-1) ;forn>p+1
It can be seen that by takingp = 1, the recurrence relation becomes F(n) = F(n — 1) + F(n — 2);n > 2 ; whereF (1) =
F(2) = 1. This is a well-known Fibonacci sequence.
The values of F,(n) for p = 1,2,...,6 and for first 15 values of n are shown below for the ready reference.
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n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Fi(n) 1 1 2 3 5 8 13 21 34 55 89 144 233 377 610
Fa(n) 1 1 1 2 3 4 6 9 13 19 28 4 60 88 129
Fa(n) 1 1 1 1 2 3 4 5 7 10 14 19 26 36 50
F4(n) 1 1 1 1 1 2 3 4 5 6 8 11 15 20 26
Fs(n) 1 1 1 1 1 1 2 3 4 5 6 7 9 12 16
Fs(n) 1 1 1 1 1 1 1 2 3 4 5 6 7 8 10
Values of F,(n)
Stakhov[13] also shown that F,(n) satisfieslim,,_, F:z’z)l) = ¢,, where the ‘golden p-proportion’ ¢,is the root of

xP*1 = xP + 1.De Villiers [4] made the similar observation and provided the partial proof of the above result containing
limiting ratio in the case when p is odd, with the suggestions for the case when p is even. Later Falcon [7] generalized the
same problem and provided the complete proof for the same.

Here we consider the analogous problem for the further generalization of {K,}and consider the problem of finding the
‘golden proportion’ for the whole family of this new generalized sequence.

II.PRELIMINARIES AND ANALYSIS OF THE ROOTS

We now consider thefurther generalization of sequence{K,,} whose terms are defined by the recurrence relation
Gp + Gpip = Grig s (2.1)

with the initial conditions G, = 2m, G, = k + mand m, k, p, q are fixed positive integers with 1 < p < q. We note that if
we considerp = 1,q = 2,m = 0,k = 1then G, = F,. Also if we choose p = 1,q = 2,m = 1, k = Othen G, = L,.In this
paper, we obtain the ‘generalized golden proportion’ for this new family {G,, }of generalized Fibonacci numbers and show
that this proportion is independent of the choice of m and k.
Since g > p, we let g =p +a. Then difference equation (2.1) becomesG,,pq = Gy + Gp4p-By substituting nfor
n + p + a,this difference equation can be written as G, = G,_,_, + G,_,. The corresponding characteristic equation for
this difference equation is x™ = x™ 2P + x™"~ % Now dividing this equation by x"~ %77 , we havex™ "+t4+P =1 +
x"-ea-ntatp - This on simplification takes the form x? (x® — 1) = 1. This is equivalent to

xP = 1

—. (2.2)
1

We let f(x) = xPand (x) = =

Now we observe that f(x) = xP is a parabolic type curve, if p iseven. In this case the intersection of two curves f(x)
and g(x) is shown in figures 1 and 2.

o

Figure 1 (p even, a even)Figure 2 (p even, a odd)
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Also, if p is odd, the graph of f(x) = x? is a curve of cubic type. In this case the intersection of two curvesf(x) and
g(x) is shown in figures 3 and 4.

“oF o

Figure 3(podd, aodd)Figure 4 (p odd, a even)

It can be now noted that when p and a are even, system (2.2) has two real roots x = £Mwhere 1 < M < 2; whereas
when both p and a are odd, it has two real roots x = M and x = —M, for0 < M; <1 <M < 2. Also when one of p and
a is even and other is odd, system has one real root x = M for some M suchthat 1 < M < 2.
In short: The roots of (2.2) are

(a) One positive real number M, where 1 < M < 2.

(b) One real number —M, where 1 < M < 2 ; when both p, aare even.

(c) One real number—M,, where 0 < M, < 1; when bothp, a are odd.

At this point we note that total number of roots of (2.2) are p + a. The roots of (2.2) other than mentioned above
are simple complex numbers Z whose modulus is always less than M. We express these complex roots in exponent

formas Z; = rye®;where r; = fa +b?, 6, = tan™! (a ) andalsor; < 1, for all j.
j

1. THE GENERALIZED RATIO FOR THE GENERALIZED FIBONACCI NUMBERS

Before we prove the main result, we need to prove some intermediate results which when combined will give the main
result. Throughout we consider t to be any fixed positive integer, a andb are any positive integers and—1 < M; <0 <
M<1.

Lemma 1: When any one of p or a is even and other is odd,

i G
im  Gnepre _ e :where=1,2,3....
n— 0 Gnyp

Proof : In this case the characteristic equation (2.2) has only one real root. Taking into account the above discussion, by
the theory of equations (Elaydi [6]) we can say that solution of the difference equation (2.2) is G,, = a, M™ + Z““ aZ;",
where g;'s are arbitrary constants.

. . - nyypta ., .n
Thus lim Gnapse _ lim 6, _ lim  @M'+X;5, q;Z;
"N = 0 Gnip Nn— 06t 7N — 0 alM"—t+Z’.’_+2aal-Zl-"“
p+a ( 1)
. + 2]
lim a + X, M

" () 2y ()G
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lim A
n= g (L )+gp+aa1(’1‘)"“(m) i(n—t)6)

Sincer; <1< M, forallj=2,3,..,p+a, wehave

™ G)=0.,m () =0

= M?*, which proves the result.

i G
Thus lim n+p+t _

n — o0 Gnyp a1(m)

Lemma 2: When both p anda are even,n

lim  Gnip+e
— 00 Gnip
Proof :In this case it is seen that the characteristic equation (2.2) has two real roots =M.
Thus we write the solution of (4.2.3) as

does not exist.

Gy = a,M™ + a, (M) + S0 0 az"

Now, lim  Gnip+e — lim _Gn_
n— 0 Gnyp n — 00 Gn—t
_lim a;M"™ + a,(— M)n+2p+aaZn
- 00 g Mt + a,(—M)"" DAY
zZA\N
_ lim a+ (-1 + 3727 q ()
n—> oo 1 n—t 1
a () + a0 (5) + 2259 ()" ()
I
_ lim @+ a(-1)" + 5] q (i) e
n — o n-t
() 4as + @y~ + T2, (2)" () er-00s
This gives
. G . aj+az(-1)"
lim AP — |im,, L e
"% Gpap 7% (e Has+az (-1t}
It can be seen easily that this limit does not exist. This proves the required result.
Lemma 3: When both p and a are odd, im  Gnepee _ Mt,
n —> 0 Gnip

Proof :In this case it is seen that the equation (2.2) has two real roots M and —M,, where0 < M; <1 <M < 2.
Here we write the solution of (2.2) asG,, = a; M™ + a,(—M,)" + 2““ aZ;"

Now lim Gnip+se _ lim 6,
"N > Gutp N o 06—t
+
lim a;M™ + a,(— M1)n+2p aaZn
> 00 g Mt + a,(—M; )" C+ Xzt
A\ ing.
lim artay (M) 3o () e ™

- ran-t in— L
n — oo a( 1 )+a2( 1\;’1)" I(Mt> 25;+: j(_]) (%)e (n—t)
Sincel <M < 2and 0 < M, < 1, using the facts that
lim (-M\" _
n- oo( M ) =0,
lim  Gnip+e ai

we get iRt = = M¢, as required.
n — 0 Gnip al(Mt)

Combining all these lemma, we finally state the following theorem for recurrence relation (2.2).
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Theorem 4: For the sequence {G,, } it is always true that
Gn+p+t —

lim Mt;
=% Upyp
unless both p and a are even.

We finally give the main result which follows from above theorem by considering g = p + a in (2.1), where

p < q are integers.

Theorem 5: For the generalized sequence {G,,} defined by G,, + G,,., = G4, itis always true that
lim  Gnip+e = Mt -
N — 00 Gnip '
unlesshothp, q are even together.
This shows that the generalized ratio of generalized Fibonacci numbers is independent of the value of kand m.
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